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ABSTRACT 

We show that all important features of 2d gravity coupled to c < 1 
matter can be easily understood from the canonical quantization approach 
a la Dirac. Furthermore, we construct a canonical transformation which 
maps the theory into a free-field form, i.e. the constraints become free- 
field Virasoro generators with background charges. This implies the gauge 
independence of the David-Distler-Kawai results, and also proves the free- 
field assumption which was used for obtaining the spectrum of the theory 
in the conformal gauge. A discussion of the unitarity of the physical 
spectrum is presented and we point out that the scalar products of the 
discrete states are not well defined in the standard Fock space framework. 
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1. Introduction 



Understanding the two dimensional (2d) quantum gravity is important because 
of its relevance for the non-critical string theory, statistical mechanics of surfaces, and 
as a toy model for quantum gravity in four dimensions. The theory so far has been 
mainly analyzed in the path-integral quantization scheme Jl|, |2| . Although many im- 
portant results have been achieved in this scheme, it is also important to understand 
the theory in the Dirac canonical quantization approach ||. First, the path integral 
quantization of a gauge invariant system requires gauge fixing, so that the questions 
of gauge independence and relation of the results in different gauges inevitably ap- 
pear. This has been automatically taken care of in the Dirac approach, since it is a 
gauge independent quantization method. Second, understanding the relation between 
the path-integral and the Dirac quantization results is important question in its own 
right, especially if one is interested in applications to four dimensional quantum grav- 
ity, where the Dirac quantization is much better understood than the path-integral 
quantization. 

The first exact results in 2d quantum gravity were obtained by Knizhnik, Polyakov 
and Zamolodchikov (KPZ), who studied 2d quantum gravity coupled to matter in a 
chiral gauge [p]]. They concluded that the theory is free of anomalies and solvable 
for cm < 1 and cm > 25, where cm is the matter central charge. Subsequently, 
their results were rederived in the conformal gauge by David, Distler and Kawai 
(DDK)||. The structure of the physical Hilbert space was studied in a series of 
papers ||, [|, |], [7|, §]. I n all these papers, the physical Hilbert space was defined as 
a cohomology of a BRST charge, which was postulated from the beginning, without 
a simple and direct relation to a particular action. The choice of the BRST charge 
in 0, § was motivated by the results of the KPZ analysis, while the choice of 
the BRST charge in |7], || was motivated by the results of the DDK analysis. The 
BRST analysis in the conformal gauge also requires an additional assumption that the 
Liouville and the matter sector can be described as free-field theories with background 
charges H. Another puzzling feature is that the physical spectrum is like that of a 
system with finite number of degrees of freedom, although the starting point is a field 
theory coupled to gravity. 

In this paper we show that all these features of the theory can be easily understood 
in the canonical quantization approach, if one starts from the action for a free scalar 
field with background charge, coupled to gravity. Besides that, our analysis differs 
from the previous ones |Tl|, || [12|, |13j in its completeness and it contains topics which 
have not been previously discussed, like the gauge independence of the DDK results. 
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In section 2 we analyze the canonical structure of our theory and derive the 
constraints. In section 3 we discuss some general features of the Gupta-Bleuler and 
the BRST quantization, which are relevant for our case. In section 4 we analyze 
the theory in terms of the SL(2, R) Kac-Moody variables. A discussion of the issue 
of hermiticity is presented, with an emphasis on the matter sector. In section 5 we 
introduce variables which transform the theory into a free-field form, by using the 
Wakimoto construction for the Kac-Moody variables. We then discuss the relation 
between the chiral and the conformal gauge spectrum. This is followed by a discussion 
about the problem of the complex momentum of the discrete states and their unitarity. 
We present our conclusions in section 6. 



2. Canonical Analysis 

For the purposes of canonical quantization of 2d gravity coupled to c < 1 matter, 
the most convenient choice for the classical action is 

S = -\( (Pxy/^gig^d^dvt + alty + A) , (2.1) 

J M 

where g^ u is a 2d metric, is a scalar field, a is the background charge, R is the 
2d curvature scalar and A is the cosmo logical constant. In the canonical approach 
the 2d manifold M must have a toplogy of E x R, where S is the spatial manifold 
and R is the real line corresponding to the time direction. In two dimensions S can 
be either a real line or a circle S 1 . Since we are interested in string theory, we will 
analyze the compact case. We will label the time coordinate x° = r and the space 
coordinate x 1 = a. 

The canonical reformulation of the action (2.1) simplifies significantly if we parame 
trize the 2d metric g^ v in terms of the laps and the shift functions N(a, r) and n(a, r) 

5-00 = -A 2 + n 2 g , g 01 = ng , 5-11 = 5- , (2.2) 



where g(a, r) is a metric on E [26]. After introducing the canonical momenta for g 
and 

P=j^ , vr = ^ , (2.3) 
where C is the Lagrangian density of (2.1), the action (2.1) becomes 

S = J dadr (pg + 7T0 - -^G - nG^ , (2.4) 



where 



G (a) = --(gpf-- 



gplx + 1(^)2 _i A «£y + a0 . 



Gi(o-) = - 2gp' - pg' 



(2.5) 



The constraints Go and Gi form a closed Poisson bracket algebra 



{G (<x),G (a')} 
{G^GqK)} 
{G^G^')} 



^-^(Gi^+Gi^')) 
5(a-a')(G (a) + G (a')) 
6{<t-o'){G 1 (<t)+G 1 (o')) 



(2.6) 



where the fundamental Poisson brackets are defined as 



{p(a),g(a')} = 5(a-a') 



MaMW} = 5{a-a'). 



(2.7) 



The algebra (2.6) is the canonical diffeomorphism algebra, which is a Lie algebra only 
in 2d. The G\ constraint generates the diffeomorphisms of E, while Go generates 
the time translations of S. Their algebra is not the same as the 2d diffeomorphism 
algebra, and it is isomorphic to a direct sum of two Id diffeomorphism algebras, 
which on the circle become the Virasoro algebras. The generators of the two Virasoro 
algebras are given as 



Since we are dealing with a reparametrization invariant system, the Hamiltonian 
vanishes on the constraint surface (i.e. it is proportional to the constraints). Therefore 
the dynamics is determined by the constraints only. A straightforward consequence 
of the eq. (2.4) is that our theory does not have any local physical degrees of freedom 
since there are as many constraints per space point a, two, as the number of the 
configuration variables. This means that there is enough gauge invariance to gauge 
away all the a dependence of g and 0, and only the zero modes will remain. As the 
subsequent analysis will show, this classical count of the degrees of freedom will be 
preserved in the quantum theory, provided the anomalies are absent. 

3. Quantum Theory 

In order to quantize a constrained system, one can adopt the Dirac quantization 
procedure J3|. Given the basic canonical variables (pj,q J ), we promote them into 
hermitian operators {pj,$), satisfying the Heisenberg algebra 





[p v q k ] = i5 l ; 
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A suitable representation of (3.1) defines the kinematical Hilbert space of states T~C. 
The constraint conditions G a (p,q) = are promoted into the operatorial conditions 



G a (p, q) 







(3.2) 



and the set of states satisfying (3.2) defines the physical Hilbert space Ti* . The 
standard difficulty of the Dirac procedure is how to define the G a operators. This 
difficulty arises due to the ordering ambiguities. A related problem is that G a op- 
erators often do not form a closed commutator algebra, which is the source of the 
anomalies. The anomalies make the conditions (3.2) inconsistent, and one has to use 
the Gupta-Bleuler conditions instead, which require that only the expectation values 
of G a vanish. This is usually equivalent to requiring that only a subset of G a , which 
forms a closed subalgebra, annihilates the physical states. Although a consistent 
scheme, it is often hard to see what happens with the anomalies in the Gupta-Bleuler 
approach. A more suitable approach is the BRST canonical quantization (for a re- 
view and references see JTUf). In this approach one enlarges the Hilbert space Ti by 



introducing additional canonical variables (c a , b a ), i.e. the ghosts and their canonical 
conjugate momenta (antighosts). Ghosts are of the opposite statistics to G a , and 
satisfy 

{b a ,c?]=i6Z , (3.3) 

where {,] is the graded anticommutator. In the space Ti ® Ti g h, where Ti g h is a 
representation of (3.3), one defines an operator 



Q = c a G a + \i : f af ?c a c\ : + 



(3.4) 



where faff 1 are the structure constants of the algebra G, and • • • are determined from 
the requirement of nilpotency 

Q 2 = . (3.5) 

Condition (3.5) guarantees the absence of the anomalies in the quantum theory, and 
often gives conditions on the free parameters of the theory. The physical state con- 
ditions (3.2) are replaced with a single condition 



Q|$>=0 



(3.6) 



Only the non-trivial solutions of (3.6) are considered as physical, where |$) = Q \x) is 
trivial. In other words, the physical Hilbert space is the cohomology of the operator 
Q. For the systems of interest, the condition (3.6) is equivalent to the Gupta-Bleuler 
conditions if 

|$) = IV,} ® \ghv) , (3.7) 
5 



where \ghv) is the ghost-vacuum [14]. The states (3.7) form the "zero" ghost number 
cohomology. One can also have physical states of non-zero ghost number, which 
correspond to some other consistent choice of the Gupta-Bleuler conditions. For 
example, in the bosonic string case, the usual choice L n ip = 0, n > corresponds to 



N g h = — jj, while L n ip = 0, n > —1 corresponds to N gh = — §, where N gh denotes 



the ghost number and L n are the Virasoro generators. The other possible non-trivial 
co homologies arise for N g h — \, § |18| . Note that the consistency of the Gupta-Bleuler 



conditions in the case N g h — — | requires vanishing of the string intercept a. Given 



that a = (D — 2)/24 flT4"1, where D is the spacetime dimension, one can see why 
this cohomology class is empty for the critical string (D = 26), while it is non-trivial 
for a. D = 2 string, which is the case relevant for us. The BRST formalism is more 
restrictive than the Gupta-Bleuler formalism, and the well known example is the 



bosonic string [14 



In our case, the ordering difficulties arise if we use (g,p) and (0, vr) as our basic 
canonical variables, since have a non-polynomial dependence on these variables. 
This could be avoided by chosing a more suitable set of canonical variables. For 



example, by performing a canonical transformation [11, 13 



X = 



a 



7T 



X 



7T 



£ = fa 



7T S 



2 

-gp + ir 
a 



(3.8) 



the constraints become 



n 1 2,1/ /\2 i // 12 

G =2 7r X +2(x) +«X 



/\2 



(3.9) 



If we neglect the cosmological constant term and the background charges, expressions 
(3.9) have the same form as the constraints of a D = 2 string. In analogy to the string 
case we define the left /right movers 



(3.10) 



so that the Virasoro constraints become 



T ± = UG ± Gi) = ±V ± ^=h ± > - I J± 2 T ^=j ± ' - ±Ae-^+-«-) , (3.11) 

where q± = j±. In the string case the Virasoro anomaly is c = D = 2, while 
Q 2 = requires c = 26, and therefore the anomaly cannot be removed. In our case 
the presence of the background charges and the cosmological term may change the 
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formula c = D and hence allow for c = 26 to be satisfied. However, the (h,j) variables 
are not convenient for analyzing the spectrum of the theory. Therefore we are going 
to look for a more suitable set of variables. 



4. 5L(2,R) Variables 



The results of the work done in [O, on the SL(2, R) symmetry of the induced 



2d gravity imply that the corresponding gauge independent variables exist. Following 
fT"5|| , let us introduce non-canonical phase space variables 



9 2V2 
7 o , a I a 9'\ 

*«-£(* + *-57) • <41) 

The J's satisfy an SL(2, R) current (Kac-Moody) algebra 

{J> x ), J 6 (a 2 )} = r 6 c J> 2 )^i - a a ) - y^Vi - ^2) , (4.2) 

where f ab c = 2e abd r] ( ic- £ abc is totally antisymmetric tensor, e +0 ~ = 1, while rf h is a 

metric tensor with only non-zero elements 77 + ~ = 77 h = 2 and 77°° = —1. Pm has 
the Poisson bracket of a free scalar field 

{PmM, PmM) = -8' {a x - a 2 ) (4.3) 

and {J, P} = 0, so that (J, Pm) variables form an SL(2, R) ® algebra. 

It is straightforward to show that the modified energy-momentum tensor associ- 
ated with the SL(2, R) <g> U(l) algebra via the Sugawara construction 

T = T g + T M 

T 9 = - 2 v ab J a J b -(J°y , T M = \Pl 1 + ^=P' M (4.4) 
or 71 



V2 



is identical to G\. The constraints are then equivalent to 

J+(a) - A = , T{a) = , (4.5) 

where A = ^4=. 



To construct the kinematical Hilbert space Ti,, we promote J and Pm into hermi- 
tian operators, satisfying the operator version of (4.2-3) 

[■/>!), J\a 2 )] = %f ah c J c b{o 1 - a 2 ) + i^7 1 ah 8\a l - a 2 ) 

47T 

[PmM,Pm(<J2)\ = -t5'(a 1 -a 2 ) . (4.6) 

We introduce a new constant k, which is different from — 2ira 2 due to ordering ambi- 
guities. It will be determined from the requirement of anomaly cancellation. Now one 
can follow the standard way of constructing 7i as a Fock space built on the vacuum 
state annihilated by the positive Fourier modes of J and P. Let f(a) = I] n e" EWT f n , 
where e = ±1, and let 4-J n , -kroit 1 and ^-L n denote the Fourier modes of J, Pm 
and T, respectively. 

We represent the Fock space vacuum as \j, m) ® \pm), where \j, m) is the vacuum 
for the Kac-Moody sector, while \pm) is the vacuum for the matter sector. The 
Kac-Moody vacuum states satisfy 

J*|j,m) =0 , n>l 

J$\j,m) =J a \j,m) , (4.7) 

where the modes satisfy 

[JL J b n ] = if ab c J c m+n - e^ ab 5 n+m . (4.8) 

The last condition in the eq. (4.7) means that the vacuum states form an SX(2,R) 
representation. Unitary SL(2, R) representations are infinite dimensional (since the 
group is non-compact), and can be labeled with a complex number j, which can take 
the following values 

j = \ + ir , r G R or < j < 1 or j is a half — integer , (4-9) 

where j(j — 1) is an eigenvalue of j a j a , while the second label m G Z, is an eigenvalue 
of j° 0. 

The matter vacuum satisfies a U(l) version of the eq. (4.7) 

a* \?m) =0 , n > 1 

o$\Pm) =Pm\pm) , (4.10) 

where \pu) is the usual momentum state, so that pm is real and continuous eigenvalue. 
The a^f modes satisfy 

K,a%] = en6 n+m , , (4.11) 
8 



which gives for the matter central charge 



c M = l + el2Q 2 M , (4.12) 

where Qm = Hence we will chose e = — 1 in order to have cm < 1. If we want 

the L n 's to satisfy the usual Virasoro algebra 

[L n , L m ] = (n - m)L n+m + A n 5 n+mfi , (4.13) 

where A n is the anomaly, we have to change the sign of the L n 's coming from the eq. 
(4.4), i.e. define — T as our energy momentum tensor. Hence 

-T = ^J2 L ne ma , (4.14) 

where 

L n = I ^Y.Va b JL m J b m ~ ^J° n (4.15) 

and 

Ln M = -hE°£ m °%-*nQMoif . (4.16) 

m 

Note that the factor in the classical expression for T g in (4.5) has become 

The BRST quantization requires the enlarged Hilbert space TC <8> H g h, and the 
whole set up is equivalent to the starting point of the chiral gauge analysis of 0, BJ. 
The only difference is that our expressions are gauge independent. Our choice of the 
Kac-Mody modes is the same as that of |Q, while the choice of the matter modes is 
different from j|, |5|. Their modes, which we denote as a^f , are related to ours as 

af = 0% + iQ M 5 n ,o , (4.17) 

and their relation to our modes is analogous to the relation of the Kac-Moody modes 
of H to the Kac-Moody modes of j3J. The barred modes are often used in conformal 
field theory, and arise from mapping the cylinder S 1 x R onto the complex plane. 
The corresponding mode expansion is given by 

= 4= EaJ^ 1 , (4-i8) 

v 2n n 



where zPm{z) coincides with Pm\&) for z = e % ° ' . 

Note that our choice of representation for the matter L n 's is not the one used 
in the conformal field theory (CFT). Namely, in order to have the usual hermitian 
conjugacy rules 

a n t = a- n -> L n ] = L_ n (4.19) 
9 



and cm < 1, we had to introduce "negative" L n 's, given by (4.16). As a consequence, 
the matter Fock space has a negative norm, since e = — 1 in (4.11). This is not a 
problem, since the positivity of the norm is only required for the physical Fock space. 
One could have chosen the CFT representation [ff6|, where L„'s are "positive" 



Ln M = \ E + nQMag (4.20) 



ni 



and the a's satisfy (4.11) with e = 1. But then in order to have cm < 1, the 
background charge has to be imaginary, and the L ra 's will not be hermitian under the 
usual scalar product represented by the rules (4.19). A modified scalar product can 
be introduced, which acts on F* x F, where F* is the dual of the matter Fock space 



F [fL6| . The duality relation has a property that F 2 *q is isomorphic to F p , where p is 
the momentum of the vacuum state. However, we are going to use the representation 
(4.16), to which we are going to refer as the string representation, since it is more 
convenient for our approach. 

The BRST charge can be constructed from the equation (3.4) 

Q = c (L - a) + E c nL-n + E c U-n + • • • , (4-21) 

where a is the intercept. The nilpotency condition requires vanishing of the total 
central charge, which includes the matter, Kac-Moody and the ghosts contributions 

c M + 1 ^-6k- 26 - 2 = , (4.22) 



and the intercept must satisfy 



l + j + hQ M ■ (4-23) 



Expression (4.23) differs from the corresponding expression in || because we used 
the string representation modes a n . Note that the equation (4.22) implies 

k + 3 = ^ (c M - 1 ± V / (1-cm)(25-c a/ )) , (4.24) 

and therefore k is real if cm < 1 or cm > 25, which justifies our choice e = —1. 

Only the zero ghost number cohomology is non-trivial [Q, |5[], which corresponds 
to the usual Gupta-Bleuler conditions 

(L n - a5 n>0 ) = , ( J+ - A5 n , ) |^> = , n>0 . (4.25) 

It consists of the vacuum states of the Fock space TC 
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(4.26) 



where \j) satisfies j + \ j) = A \ j and pm are related through the ground state 
on-shell condition 

(L -a)|^ ) = 0^1 = ^^-^-A( m ) . (4.27) 

A(pm) plays the role of the matter conformal dimension, and can be expressed as 

A(pm) = Wm + Qm) = iPm(Pm + 2iQ M ) , (4.28) 

where p is the eigenvalue of the CFT mode aff . This coincides with the usual formula 
for A(pm) if P is imaginary. Neglecting for the moment the problem of the imaginary 
momenta, which we are going to discuss in the next section, the formula (4.28) coin- 
cides with the expression given in |4]]. Therefore the quantum analysis confirms our 
classical picture of only the zero modes being physical. 



5. Free- field Variables 

The existence of the SL(2, R) variables (4.1) is a strong indication that the con- 
formal gauge variables used in |7], § should also have a gauge independent realization. 
The results of Itoh's work in the chiral gauge || imply that the new variables can 
be determined from the Wakimoto's construction [17]]. Let us introduce three new 
variables /3, 7 and Pl such that 

J + (a) =(3(a) 

J°(a) = -(3(a)j{a) - hP L (a) 

J- {a) =(3{a) 1 \a) + 2k ll {a)P L {a) + k 2l \a) , (5.1) 

where 

{/%i),7K>} = -%i-<x 2 ) , {P L {a l ) 1 P L {a 2 )} = 5\a l -a 2 ) , (5.2) 

with the other Poisson brackets being zero. From the requirement that the expressions 
(5.1) satisfy the Poisson algebra (4.2), one can easily see that 

ki = —= , k 2 = —a 2 . (5.3) 
v2 

In terms of the new variables, T g becomes 

—T g = —P'l + \Pt + -i==P'l , (5.4) 

V Aix 
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where Ql = — a/vto. In the quantum case, /?, 7 and Pl become hermitian operators, 
satisfying 

\j3{a 1 ),'y{a 2 )] = -iS{a 1 -a 2 ) , [P L M, P L {a 2 )\ = iS\a x - a 2 ) . (5.5) 
The quantum analog of (5.1) is 
J + (a) =(3(a) 

J°(a) = - : /3(<t) 7 (<7) : -k x P L {a) 

J- {a) =:f3(a) 1 2 (a):+2k ll (a)P L (a) + k 2 i(a) , (5.6) 
where now k% and k 2 have acquired new quantum values 



fcl = V~y~ ' k ^ = ~ k > ( 5 - 7 ) 

due to the normal ordering effects. The normal ordering in the expression (5.6) is 
with respect to the vacuum \vac) 

j3 n \vac) = 7„ \vac) = , n > 1 , (5.8) 

where j3 n and 7„ are the Fourier modes of (3 and 7. The expression for T g retains the 
classical form (5.4), with the appropriate normal ordering. However, Ql acquires the 
quantum value Ql — — ^ + ki. 

The constraints can be now written as 

J+ = /3 = , -T = -(3' 1 + kPl + ^P' L - 1 2 P 2 M-^=PM = , (5.9) 



where /3 in the eq. (5.9) is shifted by the constant A. Vanishing of /3 means that we 
can drop that variable, together with its canonically conjugate variable 7, and we are 
left with P L and P 'm variables, obeying only one constraint 

-T*$Pl+^PL-hP a u -^LP' M = ■ (5.10) 

V 271 V ZH 



But this is precisely the starting point of the conformal gauge analysis [0, ||. The only 
difference is that the expression (5.10) is gauge independent, and in the conformal 
gauge reduces to the expression used in 0, HI- 

If we introduce a notation 

X»=(X L ,X M ) , X-Y = Vflu X»Y v , V^=(l °1 , (5-11) 



-1 
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then 

L n = hYl '■ a n-m ■ «m : +inQ ■ a n . (5.12) 

m 

The BRST charge is then given by the usual expression 

Q = C nL-n + \ ~~ n ) '■ CmCnb-m-n ■ ~C a . (5.13) 

n m,n 

The normal ordering is with respect to the vacuum \vac) = \p) Cg) |0) 

a n \vac) = c n \vac) = b n \vac) = , n > 1 , (5-14) 

where \p) is the a-modes vacuum (a \p) = p \p)), while |0) is the ghost vacuum, sat- 
isfying b |0) = (the other possibility c |0) = gives symmetric results). Nilpotency 
of Q implies 

Q 2 = Ql-Q 2 M = 2 , a = . (5.15) 

These results are equivalent to the results derived by DDK in the conformal gauge 
from the path integral approach 0. Itoh has derived the same results by using 
the Wakimoto transformation of the SL(2, R) currents in the chiral gauge 0. Our 
derivation looks identical to that of Itoh, but there is an essential difference in the 
fact that we have used the gauge independent expressions for the SX(2, R) currents. 
Hence all our formulas are gauge independent, which implies the gauge independence 
of the DDK results. 



6. Physical States 

The results of the BRST analysis in 0, |7|, || can be now understood in the 
following way. The zero-ghost number cohomology corresponds to the usual Gupta- 
Bleuler conditions 

L n \^)=0 , n>0 , (6.1) 

where belongs to the a-modes Fock space F(a). Clearly, the ground state \p) is 
a solution of (6.1) if 

p 2 =pI-p 2 m = Q ■ (6.2) 

In terms of the CFT modes, (6.2) translates into 

A(p L ) - A(p M ) = 1 . (6.3) 

Note that the eq. (6.3) can be made equivalent to the SL(2, R) conditon (4.27) if \p) 
is identified with \j,Pm)- This implies the relation 

^^-^ = M/ + M>0 , (6.4) 
13 



which is satisfied if j belongs to any of the continuous series of representations from 
the eq. (4.9), and if k is given by the negative root of the eq. (4.24). Also note that the 
negative root of (4.24) coincides with the string susceptibility coefficient ^ str @- If j 
belongs to the discrete series, then the eq. (6.4) is satisfied for J-(Qm) < J < 3+(Qm), 
where j±(Qm) are the roots of the eq. (6.4). 

As far as the excited states are concerned, the results of the BRST analysis imply 
that they are physical only for certain discrete values of the momenta M, Further- 
more, when translated into our conventions, these discrete values of the momenta are 
purely imaginary 

Pl =i(r + s)Q L - |(r - s)Q M 

Pm = s)Q L - %{r + s)Q M , (6.5) 

where r,s G Z, and rs is the excitation level number. This curious phenomenon can 
be illustrated on the example of the first excited state 

iv) = e • «-i \p) ■ (e.e) 

It is physical if 

p 2 = -2 , p-Z = , (6.7) 
where p = p + iQ. The norm of such a state is proportional to 

|{|'=(g-l)| £l |> . (6.8) 

In the case when p e R 2 , the expression (6.8) vanishes due to the identity 

p 2 + Q 2 = , (6.9) 

and one concludes that there are no physical states at the first excited level. On 
the other hand, the expression (6.8) can be made positive for Imp ^ 0, and we can 
formally conclude that the physical states are possible for the complex values of the 
momenta. However, the scalar products of the complex momentum states are not 
defined, which obscures the physical significance of such states. Surprisingly, this 
problem was not addressed in 0. |[. 

The states in the ±1 cohomology sector have only discrete values of the momenta. 
They are of the form || 



|V>)®6-n|0) or |^)®c_ n |0) , n >1 
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(6.10) 



where 6 F(a). Absence of the continuous momentum states in this case can be 
understood on the example of \ip) (8>&-i |0), since then the eq. (3.6) implies L n \ip) = 
for n > — 1, which for the ground state \p) implies p = 0. Similarly to the zero ghost 
number case, the excited states are physical only for complex discrete values of the 
momenta, given by the eq. (6.5). 

The fact that all discrete states have complex momenta may explain why they 
were not found in the first analysis of the DDK spectrum pL since they are not 
defined in the standard framework. According to the standard construction of the 
free-field Fock space H, the discrete states do not even belong to TC, because of the 
complex momentum. However, there are strong indications that the discrete states 
are physical flH|, and in order to incorporate them into a Hilbert space, one has to find 



another free-field realization of the Fock space 7i. One can see the difficulty in doing 
this by considering the zero-modes sector, where a representation of the Heisenberg 
algebra has to be constructed. The usual momentum states \p) are constructed as 

|p)=e**|p = 0) . (6.11) 

The states (6.11) are ^-function normalizable for Imp = 0, while otherwise cannot 
be normalized. According to the Stone- von Neumann theorem JHJ, Imp = is the 
only inequivalent unitary irreducible representation of the Heisenberg algebra, which 
implies that complex momentum states are not unitary. A possible resolution of this 
problem may be in the fact that the Stone-von Neumann theorem applies to the case 
when — oo < q < +oo. When < q < +oo, a case relevant for the zero mode of g, 
then q is not hermitian with respect to the usual scalar product, and the Stone-von 
Neumann theorem does not apply any more. This will require a further investigation, 
in particular a careful treatment of the range of qi, a coordinate canonically conjugate 
to the zero-mode of Pl- 



7. Conclusions 

We have demonstrated that the conformal gauge results of DDK can be derived 
in the gauge independent way. To do this, we have used the Dirac quantization 
procedure, which is gauge independent and therefore convenient for such a task. In 
order to obtain the free-field variables ([3,j,Pl,Pm), we went through a series of 
transformations 

(g,p, ( p,n)^(J a ,P M )^((3, 1 ,P L ,P M ) • (7.1) 

Note the importance of the sequence (7.1), since it implicitly defines the (g,p, (ft, n) — > 
(/?, 7, Pl, Pm) transformation. Although the variables (Pl,Pm) have free-field com- 
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mutation relations, they are not canonical. They can be expressed in terms of the 
canonical variables (X(a), P(a)) as 

P L (a)=p+^=(P(a)-X'(a)) , P M (a) = -±=(P(a) + X'(a)) , (7.2) 

where p is an independent zero-mode momentum. Its introduction is necessary since 
the zero modes of Pl and Pm are independent away from the constraint surface. 

Given the free-field variables, one can use the results of the BRST analysis to 
obtain the physical spectrum of the theory. The analysis of the spectrum confirms 
the classical picture of only the zero-modes of the gravity and the matter sector 
propagating, which can be described as states of a D = 2 massless relativistic particle. 
Existence of the discrete states means that the massive states are not completely pure 
gauge states, and can be physical for specific discrete values of the momenta. However, 
incorporating the discrete states into a Hilbert space is still an open question, due to 
their complex momentum, and further work along the lines suggested in section 6 is 
necessary. A related question is the relation between the cohomologies of the KPZ 
BRST charge (4.21) and the DDK BRST charge (5.13). Clearly the ground states 
can be identified through the eq. (6.4), but it is less clear what is the analog of the 
discrete states in the KPZ spectrum. Answer to this question may shed the light on 
the problem of the scalar product for the discrete states. 

Our results imply the following physical picture: 2d guantum gravity coupled to 
a scalar field is described by a Liouville-like theory if one uses the variables defined 
by the eq. (3.8). The quantum theory can be transformed into a free-field form for 
cm < 1 or cm > 25. For these values of cm the quantum theory retains its classical 
physical degrees of freedom. Note that in the case when the scalar field describes a 
minimal CFT, then the theory looks like a topological field theory, since then A(Pm) 
can take only discrete values, and one is left with only discrete momentum states. This 
implies that the effective field theory describing the interactions among these states 
is zero-dimensional, which explains why the zero-dimensional matrix models can be 
used to describe the minimal models coupled to gravity [52], and why the methods 



of topological field theories are successful as well p3[ . Formulating the interacting 
theory in the canonical approach can be done in a string field theory framework. 

Relation to the Liouville theory approach to 2d gravity (for a review and refer- 
ences see |H]) is not straightforward. The variables defined by the eq. (3.8) seem to 
do the job, but one still does not get the Liouville theory. One way to proceed would 
be to eliminate one of the variables from the G\ constraint, and then to show that 
the Go constraint for the remaining variable is equivalent to the Liouville equation. 
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However, one can not get only the Liouville equation since the spectrum of the the- 
ory has finite number of degrees of freedom, and hence there should be an additional 
constraint. 

The cm = 1 case does not follow from the canonical analysis of (2.1) with a = 0. 
The a = case is just a D = 1 bosonic string theory. According to the no- ghost 
theorem P3, if D < 26 then there are D — 1 physical degrees of freedom per space 



point a. For the D = 1 case this means that only the zero modes are propagating, 
which agrees with the result we get if we formally insert Qm = into the eq. (5.15). 
However, Q 2 ^ in the canonical treatment of the D = 1 string, and conformal 
anomaly is present. One possible way to resolve this paradox is that a canonical 
transformation exists in the case of the D = 1 string such that Q 2 = in terms of 
the new variables. 

As far as the supersymmetric case is concerned, we expect that the canonical 
treatment of the supersymmetric generalization of the action (2.1) will give the results 
analogous to the bosonic case, i.e. that only the zero modes of the super-matter and 
the super-Liouville sector will propagate. This would rigorously prove the results of 
the super- conformal gauge BRST analysis |25| . 
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